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VARIATIONS ON LUSIN’S THEOREM
JACK B. BROWN AND KAREL PRIKRY

ABSTRACT. We prove a theorem about continuous restrictions of Marczewski mea-
surable functions to large sets. This theorem is closely related to the theorem of
Lusin about continuous restrictions of Lebesgue measurable functions to sets of
positive measure and the theorem of Nikodym and Kuratowski about continuous
restrictions of functions with the Baire property (in the wide sense) to residual sets.
This theorem is used to establish Lusin-type theorems for universally measurable
functions and functions which have the Baire property in the restricted sense. The
theorems are shown (under assumption of the Continuum Hypothesis) to be “best
possible” within a certain context.

1. Measurable functions. The results which appear here were announced at the
Ninth Summer Symposium on Real Analysis, held at the University of Louisville
during 1985, and appeared in abstract form (without proofs) in [9].

We study theorems about functions from a complete metric space X without
isolated points (or else from the unit interval I = [0, 1]) into the reals R. d will
denote the metric for the space X. ¢ denotes the cardinality of the continuum, and
CH refers to the Continuum Hypotheses. A perfect set is a closed set M such that
every point of M is a limit point of M, and a Cantor set is a homeomorphic image of
the “middle thirds” Cantor subset of 1.

The measurable functions we will be interested in are defined in terms of the
following o-algebras of subsets of X:

B, : Baire property in the wide sense [22],

B,: Baire property in the restricted sense [22],

L: Lebesgue measurable sets (assuming X = I),

U: Universally measurable sets (a set M is universally measurable if it is
measurable with respect to the completion of every Borel measure on X),

(s): Marczewski measurable sets (a set M is Marczewski measurable provided
that for every perfect subset P of X, there exists a perfect subset Q of P which
either misses M or is a subset of M), and

B: Borel measurable.
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The Marczewski measurable sets are most easily visualized as follows. Let the
statement that a set M is “Bernstein dense” in a set P mean that M intersects every
perfect subset of P. Then, a set M is Marczewski measurable or (s)-measurable
provided there is no perfect set P in which both M and its complement are
Bernstein dense (we would say that M N P is one half of a “Bernstein subdivision
of P” if both M and its complement were Bernstein dense in P). Property (s) for
sets was defined by Marczewski in [25], where he established their basic properties
and showed that the (s)-measurable functions were the same as the class of
functions (studied by Sierpinski in [29]) f which are such that for every perfect set
P, there exists a perfect set Q C P such that f|Q is continuous.

It is well known that these measurability properties are related to each other
according to the following diagram of implications (assuming X = [ in the implica-
tion involving L):

M ~

We will have occasion to refer to the o-ideals associated with these o-algebras:

FC: first category sets,

AFC: always first category sets [22],

L,: Lebesgue measure zero sets (assuming X = 1),

U,: universal null sets (a set M is a universal null set provided it has measure zero
relative to the completion of every continuous Borel measure on X)),

(s°): Marczewski null sets (a set M is a Marczewski null set provided it is true
that for every perfect subset P of X, there exists a perfect subset Q of P which
misses M), and

count: countable sets.

These singularity properties can be thought of as hereditary B,,, B,, L, U, (s), and
B, respectively, and therefore fit into the following diagram of implications (assum-
ing X = I in the implication involving L):

(11) count —> (¢ —) (s%) TI
™~ /
\

FC

(¢ — ) means of cardinality less than ¢, and TI or “totally imperfect” means that the
set contains no perfect subset.
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If P is one of the singularity properties in the above diagram, we will say that a
set D is “non-P dense in an open set J ” if every open subset of J intersects D in a
non-P set. However, we will say that D is “uncountably dense in J” rather than
“non-count dense in J ”, that D is “categorically dense in J ” rather than “non-FC
dense in J”, that D is “c-dense in J” rather than “non-(¢ — ) dense in J”, and
that D is “perfectly dense in J” rather than “non-TI dense in J ™, since this latter
phenomenon occurs only if every open subset of J intersects D in a set which
contains a perfect set.

We are interested in the following categoric notions of “bigness” of subsets D of
X:

(1) D residual in X (i.e., X — D is FC),

(2) D categorically dense in X,

(2") D perfectly dense in X,

(3+) D c-dense in X,

(3) D uncountably dense in X,

(4+) D of cardinality > ¢ and dense in X.

(4) D uncountable and dense in X, and

(5) D dense in X.

We know these notions are related as follows,

(1) 2)—-(3+) (4 J)
(2) (3) (4) (5)

We are also interested in the following measure theoretic notions of “bigness” of
subsets D of I:

(6) D of outer measure 1,

(7) D non-L, dense in I,

(8) D non-L; and dense in I,

(9) D non-L,, and

(6+), (7+), (8+), and (9+), are the same as (6) through (9), respectively, except
that D is assumed to be measurable.

We know these notions are related as follows:

(111)

(6 +)—>(7 +)\ (8 +)\ (9+)
(1)
\(6> ™) H — N

Lusin presented what has come to be known as “Lusin’s theorem” in 1922 [24]. The
theorem was actually know to be true by earlier researchers (the authors thank J. C.
Morgan for bringing references [3, 23, and 32] to their attention). The following is a
combination of Lusin’s theorem and Blumberg’s 1922 theorem [2]:

THEOREM 1. For every L-measurable f: 1 — R, there exists D, C I, D, of positive
measure (9+), and D, C I, D, dense in I (5), such that both f | D, and f|D, are
continuous.
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Nikodym proved the following category version of Lusin’s theorem in 1929 [28]:

THEOREM 2. For every B, -measurable f: 1 — R, there exists D C I, D residual in I
(1), such that f | D is continuous.

Kuratowski [21] extended Theorem 2 to the metric case, where the range space is
separable, and the case where the range space is nonseparable has recently been
studied in [12] and [13].

It is well known that you can make the set D of Lusin’s theorem have as large a
positive measure less than 1 as desired, and that Lusin’s theorem holds for any
positive measure, but Theorems 1 and 2 are best possible in terms of having the set
D satisfy one of the properties of (III) or (IV).

For example, it is well known that you cannot make the set D of Lusin’s theorem
satisfy (8) even for B-measurable f.

Nor can you make the set D of the Nikodym-Kuratowski theorem satisfy (9+) or
(under CH) (9).

Ceder [11] recently gave an example which showed that you cannot make the set
D of Lusin’s theorem satisfy (4+) or (under CH) (4).

Ceder asked in [11], “Are there ‘nice’ kinds of functions, f, not having the
property of Baire, for which there exists a dense subset D of I with D uncountable
such that f|D is continuous?” We show that the Marczewski measurable or
(s)-measurable functions form such a class and that an even stronger result holds.

THEOREM 3. For every (s)-measurable f: X — R, there exists D C X, D perfectly
dense in X (2'), such that f | D is continuous.

The proof of Theorem 3 will be given in §2, where the necessary tools concerning
Marczewski sets will be developed, and it will be shown (under assumption of CH)
in §3 that Theorem 3 is “best possible” in so far as making the set D satisfy one of
the bigness properties of (III) or (IV) in that you cannot make the set D satisfy (2)
(or even be non-FC) or (9).

It follows as a corollary to Theorem 3 that the following strengthened version of
Lusin’s theorem holds for U-measurable f.

THEOREM 4. For every U-measurable f: X — R, there exists D, C X and D, C X,
D, perfectly dense in X (2') and D, of positive measure (9+) (assuming X = I), such
that f | D, and f| D, are continuous.

It is easy to show that you cannot find a single set D which will accomplish both
jobs simultaneously in Theorem 4, even for B-measurable f. Under CH, it also
follows that you cannot make the set D of Theorem 4 satisfy (1). In §3 it will
actually be shown (under CH) that Theorem 4 is “best possible” in this context in
that you cannot make the set D satisfy (2) or even be non-FC.

The following theorem is actually contained in the metric version of Theorem 2,
but we state it separately for sake of reference.

THEOREM 5. For every B-measurble f: X — R, there exists D C X, D residual in X
(1), such that f | D is continuous.
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It is fairly easy to show (under CH) that you cannot make the set D of Theorem 5
satisfy (9+), but in §3 it will actually be shown (assuming CH) that Theorem 5 is
“best possible” in this context in that you cannot make the set D satisfy (9).

2. Marczewski sets and proof of Theorem 3. We define two new singularity
properties of sets, one of which will be used in the proof of Theorem 3. Let us say
that a subset of I has property M, if it is the union of an L, set and an (s°) set, and
that a subset of X has property T, if it is the union of an FC set and an (s°) set. We
will actually only need the T, sets in our arguments but we state both definitions for
the sake of symmetry. It is clear that the properties fit into (II) as follows (assuming
X = I for the implications involving L, and M,):

Ly —> M,
U

_—

(Ir) count = (¢ (s%) TI

P
i)\
FC /

T~

A

FC ——~T,

We now state four lemmas concerning T, sets and arbitrary functions. These are
analogous to the lemmas concerning FC sets and arbitrary functions which are
usually employed in proving variations on Blumberg’s theorem about continuous
restrictions of arbitrary functions (see [1-8] and [33-34]).

LEMMA 1. The T, sets form a o-ideal of subsets of X, and no open subset of X is T;,.

PROOF. They obviously form a ¢-ideal because both the (s°) sets and the FC sets
do so. If an open subset J of X were the union of an FC set A and an (s°) set B,
there would be a perfect subset C of J — A4, and then there would be a perfect
subset D of C which missed B. This would be a contradiction.

LEMMA 2. If Y is a non-T;, subset of X, there exists an open subset Q of X such that
Y is non-T, dense in Q.

ProoF. This is the Banach category theorem for T;, sets. Suppose that each open
set Q has an open subset Q' such that O’ N Y is T;,. Then, we can construct a
collection {Q,} of disjoint open subsets of X such that Q, N Y is T; for each a and
such that U, Q,, is dense in X. The complement of U, Q, is FC and U (Q, N Y)is
T,, so it follows that Y is T;,.

REMARK. Lemmas 1 and 2 actually fit within Morgan’s theory of category bases
and follow from his fundamental theorem [27], but we present short proofs for
completeness.

It is the need for this “Banach category theorem for T, sets” that caused us to
introduce the Tj, sets in the first place. Notice that the analogous result with “7;”
replaced by “(s°)” does not hold.
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LEMMA 3. Suppose Y is non-T, dense in X and f: Y — R. Then there existsay € Y
such that for every neighborhood V of f(y), there exists a neighborhood U of y such
that f~Y(V') is non-T, dense in U. In fact, the set E of all y in Y which do not have this
property is a Ty set.

PROOF. This is analogous to Theorem II of [2], the Theorem of [1], and Lemma 3
of [4], with “FC” replaced by “T,”. Since we have Lemma 2 above, we can follow
the proof of Lemma 3 of [4]. Let {G,} be a basis for R. For every n, let
Y, = f"XG,), let Q, be the union of all open subsets of X in which Y, is non-Tj
dense, and let E, = Y, — Q,. It follows from Lemma 2 that the sets E, are all T,
sets, so E = U, E,, is also. But if the conclusion of the lemma fails for y, y isin E.

LEMMA 4. Suppose Y is non-T, dense in X, f: X — R is (s)-measurable, and J is
an open subset of X. Then there exists

(1) a Cantor subset C of J, and

(2) a subset Y' of Y such that Y’ is non-T, dense in X such that f|(Y' U C) is
continuous at each element of C.

PROOF. Assume without loss of generality that every y € Y has the property of
Lemma 3.

Y N J is not (s°), so there exists a Cantor subset C, of J in which Y is Bernstein
dense. f is (s)-measurable, so there exists a Cantor subset C, of C, such that f|C,
is uniformly continuous. Y is also Bernstein dense in C,. Let e(1) > e(2) > --- be
a sequence converging to 0 such that for each n, e(n) > 0 is such that for each x
and y in G, with d(x, y) < e(n), it follows that |f(x) — f(y)| < 1/n. For each y
in Y U C, and each positive integer #n, let N(y, n) be a neighborhood (in X)) of y of
diameter < e(n)/2 such that the set M(y,n)=f(f(y)—1/n, f(y)+1/n)]N
N(y,n) is non-T;, dense in N(y,n). For each n, let H(n)= {N(y,n)|y € Y}.
Note that for each #, the set V(n) = UH(n) contains all but at most countably many
elements of C,. If this were not the case, there would be a Cantor subset of
C, — V(n) which missed Y. Thus, V' =,V (n) also contains all but countably
many elements of C,. Therefore, there is a Cantor subset C of ¥ N C,. This will be
the desired set C of the lemma.

We now inductively define a sequence Y}, Y,,... and a sequence Z,, Z,,..., and
the desired set Y’ will be the union of the sets Z;,Z,,.... Let K(1) be a finite
subcollection of H(1) covering C and containing only sets which intersect C. Let
Z, =Y —UK(), and let Y; be the union of the sets M( y, 1) for which N(y,1)isin
K(1). Y; and Z, are mutually separated with union non-T;, dense in X.

We now define Z, and Y,. Let d; denote the minimum distance between a point
of C and a point of the set X — UK{(1). Let n, be a positive integer such that
e(n,) < d;/2. Let K(2) be a finite subcollection of H(n,) covering C and contain-
ing only sets which intersect C. Let Z, = Y, — UK(2), and let Y, be the union of
the sets M(y, n,) N Y, for which N(y, n,)isin K(2). Z,, Z,, and Y, are mutually
separated with union non-T; dense in X.
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Continue this process. At the ith stage, Z,,...,Z;, and Y, will be mutually
separated with union non-T; dense in X. Notice that if x is in C, z is in Y}, and
d(x,z) < e(n;)/2, then |f(x)—f(z)| <2/n, This is because z is in some set
N(y, n;) which is in K(i), and |f(z) — f(y)| < 1/n,. x is within distance e(n,)/2
of z, and z is within distance e(n,)/2 of y, so x is within distance e(n;) of y, and
1 f(x) —f(¥)] < 1/n, (x and y are both in C). It follows that |f(x) — f(z)| < 2/n,.

It follows that the set Y"=Z, U Z,U --- is non-T, dense in X and that
fI(Y" U C) is continuous at each element of C.

PrROOF OF THEOREM 3. Since we are not assuming that X is separable, we will
instead take advantage of the fact that there is a sigma-disjoint pseudo-base for X
[33]. In fact, there exists a sequence G, G,, ... such that each G, is a collection of
disjoint open subsets of X, UG, is dense in X, each set in G, ; is a proper subset of
some set in G,, and for each open subset J of X, there exists an »n and an open set Q
in G, such that Q C J. For each open set J in G, let C; be the Cantor subset of J
and Y, be the set Y’ of Lemma 4 (letting Y = X) that goes with J (assume that C; is
nowhere dense in J). Let Y, be the union of the sets Y, N J such that J is in G, and
let C; be the union of the sets C, such that J isin G,. ¥, is non-T; dense in X, and
f1(Y; U C)) is continuous at each element of C,. Now, for each open set J in G,,
assume without loss of generality that J does not intersect C, and let C; be the
Cantor subset of J and Y, be the set Y’ of Lemma 4 (letting Y = Y)) that goes with
J (assume that C; is nowhere dense in J). Let Y, be the union of the sets ¥, N J
such that J is in G, and let C, be the union of the sets C; such that J isin G,. Y, is
non-T; dense in X, and f|(Y, U C,) is continuous at each element of C,. Continue
this process. It is clear that D = C; U C, U --- is perfectly dense in X. f|D is
continuous. To see this, suppose x € D and ¢ > 0. Assume x € C,, where C, C C,
was constructed at stage n. Let § > 0 be such thatif y € (C, U Y;) and d(x, y) <4,
[ f(x) = f(¥)| < e/2. Also assume that § is less than half the minimum distance
from any point of C; to a point of the complement of J. Now suppose y € D is
such that d(x, y) < 8/2. Then either y € C, (in which case |f(x) — f(y)]| <€) or
else y € C;. c C,, for some m > n. In the latter case, y is within distance 8/2 of
some z in Y, C Y, for which |f(z) — f(y)] < &/2. But z will be a point of Y,
within distance & of x, so |f(z) — f(x)| < e/2. It follows that | f(x) — f(y)| < &.

3. Examples. In §1 it was stated several times that it is “fairly easy” or “possible”
to describe an example based upon CH which shows that Theorems 3, 4, or 5 cannot
be improved in some way or another. The constructions we had in mind on those
occasions would have been based upon (1) the function f: I — R of Sierpinski and
Zygmund [30] which has no continuous restriction of cardinality ¢, (2) the Lusin set
(see [10]), and (3) the Sierpinski set (see [10]). We do not see how to piece together
this function and these sets in a way which will accomplish what we desire to
accomplish in this section. Therefore, we will describe transfinite construction
processes somewhat more complicated than that of Sierpinski and Zygmund which
will produce the desired result. We will use the following lemma in the construction
of both examples.
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LEMMA 5. If {8, )« <. is any countable collection of Borel measurable functions with
domains Borel subsets of I, then there exists a Borel function f with domain I which
misses U, ., 8o

PrOOF. Follows immediately from Corollary 4.3 of [31].

ExaMPLE 1. It follows from CH that there exists a U-measurable f: I — R which
has no continuous restriction to a non-FC set.

PROOF. Notice that it follows from Lusin’s theorem that a function f: I — R is
U-measurable if and only if it is true that for every Borel measure p on I there exists
an F, FC set K such that f| K is Borel. Let {x,},.9 = I. Let {u,},<q be alisting
of the Borel measures on 1. Let { D,, g}, <q be a listing of the pairs D, g where D
is a G5 which is dense in some interval and g: D — R is Borel. We now define the
steps in a transfinite inductive construction process.

Step 1. (1) Pick K, to be an F, FC set containing x, such that p,(K;)=1 and
(2) make f | K, be a Borel function which misses g, | K.

Step a. If p (Ug ,Kp) =1, set K, ={x,} —Ugz_, K,z and go on to the next
step. Otherwise, (1) pick K, to be an F, FC set disjoint from U, , K containing
{xq} (f x, & Ug_,Kp) such that p (Ugz_,Kp)=1, and (2) make f|K, be a
Borel function which misses Uy _ (g3 K.,).

Part (1) of the construction process ensures that f will be defined on / and will be
U-measurable.

Suppose S is a 2nd category set and f|S is continuous. f|S extends to a
continuous function g which has domain a Gz set D which is dense in some
interval. D, g = Dy, g, for some B < Q. S is 2nd category and U, _z K is FC, so
there is an « > B such that x, € S — U, 4 K. . It follows that there is a first & >
such that K, intersects S — U, _; K, in a point x. But f(x) = gg(x) and f|K,
was chosen so as to missU_, _, g, | K. This is a contradiction.

EXAMPLE 2. It follows from CH that there exists a B-measurable f: I — R which
has no continuous restriction to a non-L, set.

PROOF. Notice that a function f: I — R is B,-measurable if and only if it is true
that for every perfect set P, there exists a Gy set K such that K N P is dense in P
(and therefore residual in P) such that f|K is Borel. Let {x,},.o=1. Let
{ P, }a<q be a listing of the perfect subsets of I. Let { D,, g,},<g be a listing of the
pairs D, g where D is a G4 of positive measure and g: D — R is Borel. We now
define the steps in a transfinite inductive construction process.

Step 1. (1) Pick K, to be a G; of measure zero containing x, such that K; N P, is
dense in P}, and (2) make f | K, be a Borel function which misses g, | K.

Step . 1f (Ug ., Kg) N P, is residual in P, set K, = {x,} —Uz_, Kz and go
on to the next step. Otherwise, (1) pick K, to be a G, subset of P, of measure zero,
disjoint from Uy _ , K4, containing {x,} (if x, & Uy ., Kp) such that (Ug ., Kp) N
P, is residual in P, and (2) make f|K, be a Borel function which misses

Uﬁga(gﬂ | Ku)'
Part (1) of the construction process ensures that f will be defined on I and will be
B,-measurable.
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Suppose S is a non-L, set and f|S is continuous. f|S extends to a continuous
function g which has domain a G set D which is of positive measure. D, g = Dy,
gp for some B < Q. § is of positive measure and U, _z K, is Ly, so there is an
a > B such that x, € S — U, _;z K. . It follows that there is a first @ > § such that
K, intersects S — U, ., K, in a point x. But f(x) = gg(x) and f| K, was chosen
so as to miss U, (g, |K,). this is a contradiction.

ExampLE 3. It follows from CH that there exists an (s)-measurable f: I - R
which has no continuous restriction to either a non-FC set or a non-L, set.

PROOF. Let f; and f, be the functions of Example 1 and 2, and let M be an FC
set of measure 1. Define f(x) to be fi(x) if x € I — M, and define f(x) to be f,(x)
if x € M. f is the sum of a U-measurable function and a B,-measurable function, so
it is (s)-measurable, and f has no continuous restriction to either a non-FC set or a
non-L, set.

PrOBLEM. The examples given in this section rely heavily on use of CH. It would
of course be preferable to obtain these examples without assuming CH. This might
be a rather tall order. Even the existence of B, sets which are not U sets, or U sets
which are not B, sets, is not known in ZFC, as far as we know. In considering this
question in [25], Marczewski invoked CH and called upon the Lusin set as an
example of a U, set which is not even B, and the Sierpinski set as an example of an
AFC set which is not even L-measurable. Indeed, the related examples given in the
1976 edition of Kuratowski and Mostowski’s book [22] still rely on CH. Grzegorek
and Ryll-Nardzewski [14-20] have recently made remarkable progress in obtaining
related results in ZFC which were previously only known under CH, but these
problems remain open as far as we know. See [10 and 26] for expository treatments
of this subject.

REFERENCES

1. H. D. Block and B. Cargal, Arbitrary mappings, Proc. Amer. Math. Soc. 3 (1952), 937-941.
2. H. Blumberg, New properties of all real functions, Trans. Amer. Math. Soc. 24 (1922), 113-128.
3. E. Borel, Un théoréme sur les ensembles measurables, C. R. Acad. Sci. Paris 137 (1903), 966—967.
4. J. C. Bradford and C. Goffman, Metric spaces in which Blumberg’s theorem holds, Proc. Amer.
Math. Soc. 11 (1960), 667-670.

5. J. B. Brown, Metric spaces in which a strengthened form of Blumberg’s theorem holds, Fund. Math.
71 (1971), 243-253.

6. , Lusin density and Ceder’s differentiable restrictions of arbitrary real functions, Fund. Math.
84 (1974), 35-45.

7. , A measure theoretic variant of Blumberg’s theorem, Proc. Amer. Math. Soc. 66 (1977),
266-268.

8. . Variations on Blumberg’s theorem, Real Anal. Exchange 9 (1983 /84), 123-137.

9. , Continuous restrictions of Marczewski measurable functions, Real Anal. Exchange 11

(1985/86), 64—71.

10. J. B. Brown and G. V. Cox, Classical theory of totally imperfect spaces, Real Anal. Exchange 7
(1982), 1-39.

11. J. G. Ceder, Some examples on continuous restrictions, Real Anal. Exchange 7 (1981 /82), 155-162.

12. A. Emeryk, R. Frankiewicz and W. Kulpa, On functions having the Buire property, Bull. Acad.
Polon. Math. 27 (1979), 489-491.

13. R. Frankiewicz, On functions having the Baire property. 1I. Bull. Acad. Polon. Math. 30 (1982),
559-560.

14. E. Grzegorek, Solution of a problem of Banach on o-fields without continuous measures, Bull. Acad.
Polon. Math. 28 (1980), 7-10.



86 J. B. BROWN AND KAREL PRIKRY

15. , On some results of Darst and Sierpinski concerning universal null and universally measurable
sets, Bull. Acad. Polon. Math. 29 (1981), 1-4.

16. , On sets always of the first category, Abstracta 7Tth Winter School on Abstract Analysis,
Math. Inst., Czech. Acad. Sci., Praha, 1979, pp. 20-24.

17. , Symmetric o-fields of sets and universal null sets, Measure Theory (Oberwolfach, 1981).
Lecture Notes in Math., vol. 935, Springer-Verlag, New York, 1982, pp. 101-109.

18. __, Always of the first category sets, Proc. 12th Winter School on Abstract Analysis, Suppl.

Rend. Circ. Mat. Palermo 6 (1984), 139-147.

19. E. Grzegorek and C. Ryll-Nardzewski, A remark on absolutely measurable sets, Bull. Acad. Polon.
Math. 28 (1980), 229-232.

20. , On universal null sets, Proc. Amer. Math. Soc. 81 (1981), 613-617.

21. C. Kuratowski, La propriété de Baire dans les espaces métrigues, Fund. Math. 16 (1930), 390-394.

22. C. Kuratowski and A. Mostowski, Set theory, with an introduction to descriptive set theory,
North-Holland, Amsterdam and New York 1976.

23. H. Lebesgue, Sur une propriété des fonctions, C. R. Acad. Sci. Paris 137 (1903), 1228-1230.

24. N. Lusin, Sur les propriétés des fonctions mesurables, Comp. Rend. Acad. Sci. Paris (1912),
1688-1690.

25. E. Marczewski (Szpilrajn), Sur un classe de fonctions de M. Sierpinski et la classe correspondante
d’ensembles, Fund. Math. 24 (1935), 17-34.

26. A. Miller, Special subsets of the real line, Handbook of Set Theoretic Topology, (K. Kunen and J.
Vaughn, Eds.), North-Holland, Amsterdam, 1984.

27. J. C. Morgan II, Measurability and the abstract Baire property, Rend. Circ. Mat. Palermo 34 (1985),
234-244.

28. O. Nikodym, Sur la condition de Baire, Bull. Acad. Polon. (1929), 591.

29. W. Sierpinski, Sur un probléme de M. Ruziewicz concernant les superpositions de fonctions jouissant de
la propriété de Baire, Fund. Math. 24 (1935), 12-16.

30. W. Sierpinski and A. Zygmund, Sur une fonction qui est discontinue sur tout ensemble de puissance du
continu, Fund. Math. 4 (1923), 316-318.

31. S. M. Srivastava, Selection theorems for Gg-valued multifunctions, Trans. Amer. Math. Soc. 254
(1979), 283-293.

32. G. Vitali, Una proprieta delle funzioni misurabili, Reale Instituto Lombardo 38 (1905), 599-603.

33. H. E. White, Topological spaces in which Blumberg’s theorem holds, Proc. Amer. Math. Soc. 44
(1974), 454-462.

34. , Topological spaces in which Blumberg’s theorem holds. 11, Illinois J. Math. 23 (1979),
464-468.

DEPARTMENT OF MATHEMATICS, AUBURN UNIVERSITY, AUBURN, ALABAMA 36849

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MINNESOTA 55455



